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Abstract
The calculation of a large family of four point functions of general BPS operators in N = 4 SYM
is reduced to the evaluation of colour contractions. For 1
2
BPS operators O∆ the explicit results
at order g4 for the function 〈OnO2OnO2〉 are given up to n = 6. The OPE of the general result
is performed up to the second order in the short distance expansion parameter. Two examples are
given, in which the mixing of the operators in the intermediate channel can be resolved using four
point functions computed by this method.
1 Introduction
The pedagogical usefulness of N = 4 SYM has been widely evidenced in the recent years. This theory
has been extensively studied both for its relevance to the AdS/CFT framework (for reviews see [1]) and
for its purely QFT aspects, in which it can be viewed as the simplest interacting (super)conformal field
theory (CFT), completely determined by the choice of the gauge group and known to be finite [2]. In the
superconformal phase the spectrum of this theory is very rich, and it is arranged in representations of the
supergroup SU(2, 2|4), that contains the four dimensional conformal group SO(4, 2) and the R-symmetry
group SU(4). The operators of the theory are thus organized in superconformal multiplets, in which there
are both primary and descendant conformal fields. In each supermultiplet, the conformal primaries can
be identified with their scaling dimension ∆ = ∆(0)+γ(g2), the spin (j1, j2) and the Dynkin labels [p, q, r]
of the R-symmetry representation to which they belong. The unique quantum number that depends of
the coupling constant g is the anomalous dimension γ(g2), that is the same for the whole supermultiplet.
It is useful to think of N = 4 SYM as a CFT with additional symmetries that further constrain the
dynamics. From the N = 4 SYM calculations we can infer general properties of ordinary CFT’s.
In a general four dimensional CFT, conformal invariance puts tight constraints on the correlation
functions of the primary operators [3]. Two and three point functions are completely fixed, up to multi-
plicative constants related to the trilinear couplings of the theory1. The freedom in the four point function
are arbitrary functions of the conformal invariant cross ratios. In a CFT, these correlators are thus the
first ones whose space-time dependence is not fixed by the symmetries. In a theory in which Operator
Product Expansion (OPE) holds, one can relate the knowledge of these correlators to the anomalous
dimensions and the OPE structure constants, related to the trilinear couplings of the operators in the
theory via the two point function normalization. The presence of an operator in an OPE channel is
dictated by the fusion rules, that determine the conformal families of operators which can appear in the
product of the two fields. Since the OPE implements conformal invariance, if one can obtain all the
OPE structure constants and the anomalous dimensions of the operators of the theory, in principle all
the n-point functions can be calculated.
For these reasons the four point functions of operators in N = 4 SYM have been extensively studied
[4, 5, 6, 7, 8, 22, 10, 11, 12]. Particular attention was given to correlators involving protected operators
that obey shortening conditions, and belong to short SU(2, 2|4) representations [13, 14, 15]. Correlation
functions of such operators have additional non renormalization properties [16, 17, 18], that can be used
to simplify the calculations.
These functions exhibit short distance logarithmic singularities, whose coefficients can be interpreted
in terms of the anomalous dimensions and trilinear couplings of the operators in the theory. Although
the operators in the external points are protected, to their four point correlators contribute also non
protected fields, that appear in the intermediate OPE channel. Hence, the study of four point functions
of operators belonging to short multiplets can give us a lot of far from trivial information, also about non
protected operators.
In this paper we will show how to reduce the calculation at order g4 of a wide class of four point
functions of protected operators in a particular flavour projection, to the computation of some SU(N)
1The ratio of the square of the three point function coefficients and the product of the ones relative to the two point
functions does not depend on the chosen operator normalization and can be interpreted as the invariant trilinear coupling.
1
color contractions. The described method is particularly efficient for four point functions of 12 BPS
operators, due to the non renormalization properties of their (extremal) three point functions. However,
we will see that it can be applied also to other operators belonging to BPS multiplets.
We perform also the OPE analisys, up to the second order in the short distance expansion parameter,
of this class of correlators. If one is able to find a sufficient number of correlators in which the OPE
intermediate channel contains the same operators, it is possible to extract the anomalous dimensions
(up to order g4) of the operators, together with the tree level and one loop trilinear couplings of these
operators with the external ones.
The paper is organized as follows: in section 2 we present our method, and we discuss under which
conditions it can be applied also to non 12 BPS operators. In section 3 we perform an OPE expansion
of the general result, and derive a system of equations for the O(g2) trilinear couplings and the O(g4)
anomalous dimensions of the operators in that channel. Then, in section 4, two examples of such a
computation are given, in which there are enough correlators to extract the information for the operators
involved. In the last section we comment our result and we give some outlook on how to further pursue
the work following this approach. Computational details and other results are presented in the appendix.
2 Four point function of protected operators
Considering four point functions of protected operators presents several advantages. In fact, provided the
finiteness of the theory, these four point functions are finite, and there are no subtleties in the calculation
due to the renormalization of the operators in the external points. The logarithmic singularities we obtain
by performing the OPE expansion depend only upon the short distance expansion parameter.
In this section we will show how to calculate exactly, up to order g4, by simply performing color
contractions, all the four point function of scalar operators of the type
〈OL∆=n[0,n,0]O∆=2[0,2,0]OR∆=n[0,n,0]O∆=2[0,2,0]〉 , (1)
for a particular choice of the flavour representatives, in the N = 1 formulation (see appendix). This is
a four point function of four 12 BPS operators, two of them having dimension 2, and the other two with
equal dimension ∆ = n.
Actually, we can go further, this method can be used also for calculate four point functions with other
protected operators, not necessarily 12 BPS.
2.1 General setting
Let’s first define how we choose the operators in the external points. As explained before, we consider
four scalar 12 BPS operators of integer dimension ∆ = n, in the [0, n, 0] representation of the R-symmetry
group SU(4). In particular we will use two ∆ = 2 and two ∆ = n operators. The ∆ = 2 operator is the
scalar operator in the 20′ representation, belonging to the ultrashort supercurrent multiplet. Written in
the N = 1 formalism (see appendix), the two representatives we choose are
C22 =tr
(
φ2φ2
)
, (2)
C†11 =tr
(
φ†1φ
†
1
)
. (3)
2
In general, there are several 12 BPS scalar operators in the [0, n, 0] representation. For our calculation it
is convenient to make the following choice of the representatives:
O11;3L =XLabc1··· cn−2 φa1φb1φc13 · · ·φcn−23 , (4)
O†R
22;3
=XRabc1··· cn−2 φ
†
2
a
φ†2
b
φ†3
c1 · · ·φ†3
cn−2
,
where the two color tensors XL and XR describe the color contractions which define the operators. In
order to describe 12 BPS operators, they have to be totally symmetric, but not necessarily traceless.
We have all the elements to define the four point function under consideration.
Gn(x1, x2, x3, x4) ≡ 〈O11;3L (x1) C†11(x2)O†R
22;3
(x3) C22(x4)〉 . (5)
Actually the function Gn has also indices L, R that we omit for simplicity. This function can be expanded
in powers of the coupling constant g, giving
Gn(x1, x2, x3, x4) = G
(0)
n (x1, x2, x3, x4) + g
2G(1)n (x1, x2, x3, x4) + g
4G(2)n (x1, x2, x3, x4) + · · · , (6)
and can be computed order by order in perturbation theory. The computation passes through the
calculation of several Feynman diagrams, that can be organized in different classes. This classification
will help us in developing an order g4 computation. From this result we can extract a lot of information,
by performing the OPE and analyzing the short distance logarithmic singularities which appear. We will
see in section 3 that for our purposes the non singular part in the short distance expansion at order g4
can be safely neglected, without lose of information.
2.2 Classification of diagrams
Let us now analyze the different contributions in the calculation of the correlator (5) at a generic pertu-
bative order. The tree-level diagram of this four point function is depicted in fig. 1. Due to our choice of
n−2
x1
x2 x3
x4
Figure 1: Tree level diagram of Gn
flavour representatives, there are three bundles of lines: from x1 to x2, from x1 to x3 and from x4 to x3.
The first type of quantum corrections that we analyze are the ones represented by the diagrams in
figure 2. This means that we collect in this group all the interactions that do not involve the x4 − x3
or the x1 − x2 bundle, respectively. The core of the diagram, i.e. all the interaction lines and the other
spectators that one can have, is represented here with the dark bubbles. These quantum corrections
3
n−2
n−2
x1
x2 x3
x4
n−2
n−2
x1
x2 x3
x4
Figure 2: Quantum correction reducible to three point functions
vanish. As an example, let us consider the first class of diagrams. Due to the presence of the spectator
lines from x4 to x3 it is as if the operator in the point x3 is
O†3R′ ≡ δabXRabc1··· cn−2 φ†3
c1 · · ·φ†3
cn−2
. (7)
This operator has bare dimension n and belongs to the [0, n, 0] SU(4) representation. So it is 12 BPS.
Hence the calculation of these diagrams is equivalent to the computation of the correlation functions
〈O3L′(x1)O†R
22;3
(x3) C22(x4)〉 , 〈O11;3L (x1) C†11(x2)O†
3
R′(x3)〉 , (8)
where O†3R′ is defined in (7) and the operator O3L′ arises as a contraction of O11;3L with C†11:
O3L′ ≡ XLaac1··· cn−2 φc13 · · ·φcn−23 , . (9)
The correlation functions indicated in (8) are (extremal) three point functions of 12 BPS operators, and
therefore they do not receive quantum corrections [17, 18].
Technically, to define the two classes of diagrams written in figure 2, we must add the diagram in fig.
3, that for the same reasons as above can be related to the two point function
〈O3L′(x1)O†
3
R′(x3)〉 , (10)
that has no quantum corrections.
n−2
n−2
x1
x2 x3
x4
Figure 3: Quantum correction reducible to two point functions
Hence all the non vanishing quantum contributions to the four point function in (5) arise from the
diagrams in figure 4. Actually the second diagram class, depicted as it is, contains all the others, but
4
here we will interpret it as ”all the diagrams that remain”. At a generic perturbative order, this class
can be very large, but we will see that one can handle it rather easily up to order g4.
We will calculate first G
(2)
n , so that we develop the machinery, then the calculation of G
(1)
n (and
obviously G
(0)
n ) is simpler.
2.3 Calculation up to two loop
Let’s analyze the first class of diagrams of figure 4. The diagram is equivalent to the computation of the
correlation function
(n− 2)!
(4π2)n−2
1
(x213)
n−2
Yab|cd 〈φa1φb1(x1) C†11(x2)φ†2
c
φ†2
d
(x3) C22(x4)〉 , (11)
where we encoded in the tensor
Yab|cd ≡ XLabc1··· cn−2 XRcdc1··· cn−2 (12)
all the information about the specific operators we use in the calculation. This tensor is obviously sym-
metric in a↔ b and c↔ d. The factor (n−2)!(4π2)n−2 1(x2
13
)n−2
is due to the spectator chiral lines connecting the
points x1 and x3. So, for this class of diagrams, the entire information about the space-time dependence
of the perturbative corrections comes from
Hab|cd(x1, x2, x3, x4) ≡ 〈φa1φb1(x1) C†11(x2)φ†2
c
φ†2
d
(x3) C22(x4)〉 . (13)
Let us analyze now the second class. Here there are all the diagrams that do not belong in one of
the other classes. The interaction bubble must connect all the bundles depicted in the tree level diagram
(figure 1). This is not possible at order g2, in which the interactions can connect with each other only
two chiral lines. Therefore, at first order in perturbation theory this class is empty. At two loop it is
equivalent to the correlation function
(n− 2)2 (n− 3)!
(4π2)n−3
1
(x213)
n−3
Zabc|def L
abc|def(x1, x2, x3, x4) , (14)
where
Zabc|def ≡ XLabc c1··· cn−3 XRdefc1··· cn−3 , (15)
Labc|def(x1, x2, x3, x4) ≡
〈φa1φb1φc3(x1) C†11(x2)φ†2
d
φ†2
e
φ†3
f
(x3) C22(x4)〉 − δ
cf
(4π2)x213
Hab|de(x1, x2, x3, x4) .
(16)
n−2
x1
x2 x4
x3
n
n
x1
x2 x3
x4
Figure 4: Interesting quantum corrections (note the x3 ↔ x4 exchange in the first class)
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The term subtracted in eq. (16) belongs to the first diagram class in figure 4. Note that the relation
δcfZabc|def = Yab|de holds.
We have reduced the calculation of a generic four point function Gn at order g
4 to the calculation
of two particular functions2, Hab|cd and Labc|def . In these functions all the information about the space-
time dependence is encoded. The other (g independent) information is in the two color tensors Yab|cd and
Zabc|def . To calculate G
(2)
n we have to analyze the different color structures of the two functions Hab|cd
and Labc|def . Contracting these structures with the color tensors Yab|cd and Zabc|def will provide the full
result.
2.3.1 Color structures at order g4
The computation of the two functions Hab|cd and Labc|def described in (13, 16) requires the calculation
of many diagrams, which are drawn in the appendix. The functions have free color indices, so each of the
Feynman diagrams is multiplied by a precise color structure. This structure has to be contracted with
the color tensors Yab|cd or Zabc|def , depending on the class to which the diagram belongs.
In table 1 we list the color structures we find, and the diagrams that provide it. Symmetrization of
Structure Diagrams
H
ab|cd
1 = fiacfibd B2 , B3 , B4 , B5 , B7 , B9 , B10 , B11 , B13 , B14 , B19 , B20
H
ab|cd
2 = fikafjkbfjℓcfiℓd A1 , A4 , B1 , B6 , B8 , B12 , C1 , C2 · · ·C9
H
ab|cd
3 = fiℓafjkbfjℓcfikd B15 , B16 , B17 , B18 , B21
H
ab|cd
4 = fℓacfjkbfikdfijℓ A2 , A3
L
abc|def
1 = fkaefjbffijcfikd A5
L
abc|def
2 = fjaefkcffikbfijd B22 , B23 , B24 , B25 , B26 , B27
Table 1: Color structures and two loop diagrams
the color indices is not taken into account. This is guaranteed by the contraction with the tensors Yab|cd
and Zabc|def . Taking this symmetrization into account we can relate these structures. In fact:
Yab|cdH
ab|cd
3 = Yab|cd
(
H
ab|cd
2 −
N
2
H
ab|cd
1
)
, Yab|cdH
ab|cd
4 = −
N
2
Yab|cdH
ab|cd
1 . (17)
2.3.2 Two loop result
Given these formulae, one can write down the complete result at order g4 for the two functions. For the
function Hab|cd we have
Hab|cd
∣∣∣
g4
= g4N
[
8(A2 +A3)− 16(2B2 +B3 +B4 −B5 + 2B7 +B9 +B10 −B11
+B13 +B14 −B15 −B16 −B17 +B18 − B19 −B20 +B21)
]
H
ab|cd
1
+g4
[
8(2A1 +A4)− 32(B1 −B6 +B8 −B12 +B15 +B16 +B17 +B18 −B21)
+ 32(2C1 + 2C2 − 2C3 − 2C4 + C5 − C6 + 2C7 + 2C8 − C9)
]
H
ab|cd
2 .
(18)
2These are not correlators of well defined conformal operators, thus we do not have to expect them to be conformal
invariant.
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The function Labc|def is
Labc|def
∣∣∣
g4
= g4
[
16A5
]
L
abc|def
1 . (19)
The structure that multiplies L2 is absent, since the linear combination of diagrams B22 to B27 which
multiplies it sums to zero (see table 1 and appendix).
Contracting these structures with the tensors Yab|cd and Zabc|def (coming from the contraction of
the color tensors XL and XR, see eqs. (12), (15)) we get the full result, which will depend upon the
contractions
Y ·H1 ≡ Yab|cdHab|cd1 , Y ·H2 ≡ Yab|cdHab|cd2 , Z · L1 ≡ Zabc|defLabc|def1 . (20)
Putting everything together we obtain (see appendix)
G(2)n (x1, x2, x3, x4) =
N
(4π2)n+4
(n− 2)!
(x213)
n−2x412x
4
34
{
r
4
B (r, s)
2
[
(Y ·H1) (r + s− 1) + 2 (Y ·H2)
N
]
+(Y ·H1)
[
Φ(2)
(
1
r
,
s
r
)
+
r
s
Φ(2)
(
1
s
,
r
s
)]
+ rΦ(2)
(
r, s
) [
(Y ·H1) + (n− 2)(Z · L1)
N
]}
, (21)
where r and s are the conformally invariant cross ratios
r =
x212x
2
34
x213x
2
24
, s =
x214x
2
23
x213x
2
24
. (22)
2.3.3 Lower order computations
We performed the computation at order g4. One can make exactly the same considerations to calculate
these functions at order g2. As stressed before, we can do this using simply the first class of diagrams
in figure 4, since the second does not contribute. In fact only one Feynman diagram will appear in the
computation, multiplied by the structure H1. So
G(1)n (x1, x2, x3, x4) = −
2
(4π2)n+3
(n− 2)!
(x213)
n−2x412x
4
34
rB (r, s) (Y ·H1) . (23)
Hence to calculate completely the function we need only the color tensor Yab|cd.
Similarly, at tree level we find3
G(0)n (x1, x2, x3, x4) =
(n− 2)!
(4π2)n+2
Yab|cdδ
abδcd
(x213)
n−2x412x
4
34
. (24)
2.4 Application to more general operators
All these considerations were done for 12 BPS operators. To neglect the contributions coming from the
diagrams written in figure 2, we used the strong non renormalization theorem for the extremal three
point functions of 12 BPS operators [18], valid at all orders in perturbation theory. Hence, for
1
2 BPS
operators we can apply the same reasoning at all orders in g.
At order g4 our results actually can be extended to a more general class of operators. Our considera-
tions are based on the total symmetry of the color tensors XL,R defining the operators in external lines.
3We can use instead of Yab|cd the tensor Zabc|def , because we know that δ
cfZabc|def = Yab|de. Our notation is more
general, because when n = 2 the tensor Z does not exist.
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A careful inspection shows that all the results would be the same provided that XL,R = XL,R(a1a2)(a3···an),
i.e. with the symmetry only in the first two and in the last n − 2 indices. Note that with our flavour
choice this is always guaranteed. Thus one has only to check whether the operator has such a flavour
representative.
In order to apply our method, the contributions coming from the diagrams in figure 2, must have
neither quantum corrections at order g2, nor logarithmic divergencies at order g4. So, if the operators
OL,R have vanishing one and two loop anomalous dimensions, we only need to check the vanishing of the
order g2 contribution to the three point functions
〈OL′Q20′OR〉 , 〈OLQ20′OR′〉 . (25)
Here OL′,R′ , coming from the contraction of two scalar fields that belongs to the original OL,R are always
1
2 BPS operators due to our flavour choice (see eqs. (9), (7)). This extends our technique also to other
protected operators. It has been demonstrated that the three point functions of two 12 BPS with one
general BPS operator do not receive order g2 corrections [19]. Hence our result can be extended to all
the BPS operator that can be written as indicated in (4). We will give in section 4 an explicit example
involving a 14 BPS operator.
3 OPE analysis of the four point function
One can use the four point functions calculated in such a way to extract information about the theory.
As an illustration, here we perform the OPE of the function in the OPE s-channel, in order to study
the different contributions coming from the conformal families of operators that appear in the expansion.
For this purpose we can consider
Gn(x2, x3, x4) = lim
x1→∞
x2n1 Gn(x1, x2, x3, x4) , (26)
and expand this function in the limit x4 → x3. In this limit the final answer will depend on the three
variables x223, x
2
24, x
2
34, simplifying the space time dependence.
This expansion will have logaritmic singularities, written in terms of the expansion parameter x34.
In the OPE interpretation, the coefficients of these singularities can be interpreted as coming from the
operators passing in the intermediate OPE channel, in particular their trilinear couplings (up to order
g2) and their one and two loop anomalous dimensions. If we have enough four point functions, these
quantities can be obtained solving a system coming from the coefficients of the expansions.
The expansion of G
(0)
n does not have logarithmic singularities. It is simply
G(0)n (x2, x3, x4) =
(n− 2)!
(4π2)n+2
Yab|cdδ
abδcd
x434
. (27)
We shall write down the order g2 and g4 contributions, namely the functions G
(1)
n and G
(2)
n , that
involve the functions B and Φ(2), given in the appendix. We start with G
(1)
n
G(1)n (x2, x3, x4) =
(n− 2)!
(4π2)n+3
Y ·H1
x234x
2
23
{[
−4− 2Λ
]
+
[
2 + 2Λ
]x23 · x34
x223
+
[
−16
9
− 8
3
Λ
] (x23 · x34)2
x423
+
[4
9
+
2
3
Λ
]x234
x223
+ · · ·
}
, (28)
8
where the dots stand for higher order contributions in the expansion parameter x34, and Λ =
log(x2
23
)
log(x2
34
)
.
There are two different expansions nested within each other: the x34 expansion, from which we recognize
the bare dimension and the Lorentz structure of the operators that appear (see [20]), and the Λ expan-
sion, that allows us to extract different quantities, namely the trilinear couplings and/or the anomalous
dimensions.
For the two loop contribution we get
G(2)n (x2, x3, x4) =
(n− 2)!
(4π2)n+4
1
x234x
2
23
{
[
finite term+
(
6N(Y ·H1) + 2(Y ·H2) + 3(n− 2)(Z · L1)
)
Λ+
(
N(Y ·H1) + 1
2
(Y ·H2) + 1
2
(n− 2)(Z · L1)
)
Λ2
]
+
[
finite term+
(
−2N(Y ·H1)− 3(Y ·H2)− 13
4
(n− 2)(Z · L1)
)
Λ+
(
−1
2
N(Y ·H1)− (Y ·H2)− 3
4
(n− 2)(Z · L1)
)
Λ2
]
x23 · x34
x223
+
[
finite term+
1
9
(
17N(Y ·H1) + 41(Y ·H2) + 40(n− 2)(Z · L1)
)
Λ+
(4
9
N(Y ·H1) + 11
6
(Y ·H2) + 11
9
(n− 2)(Z · L1)
)
Λ2
]
(x23 · x34)2
x423
+
1
36
[
finite term+
(
19N(Y ·H1)− 32(Y ·H2)− 49(n− 2)(Z · L1)
)
Λ+
(
5N(Y ·H1)− 12(Y ·H2)− 11(n− 2)(Z · L1)
)
Λ2
]
x234
x223
+ · · ·
} (29)
We do not write explicitly the finite terms because their OPE interpretation contains also the g4 part
of the trilinear couplings, that will introduce new unknowns in our system. In general, to extract this
quantity we need also other equations coming from three loop calculations [21].
From the leading terms in the expansion parameter (28, 29), one can see that in this channel the
lowest dimensional operators that contribute in a non trivial way4 have bare dimension ∆(0) = n and are
Lorentz scalars. The lowest dimensional rank 2 tensors that appear have bare dimension ∆(0) = n + 2,
due to the (x23·x34)
2
x2
34
x6
23
terms. We will see at the end of this section how it is possible to extract information
also from these considerations.
3.1 OPE interpretation: the lowest dimensional intermediate operators
As an example, we focus our attention to the operators of bare dimension n that appear in the OPE
s-channel of this correlators. Their contribution is associated to the leading terms in the expansion
parameter x34 in (28), (29), from which we can infer that they are all Lorentz scalars. Hence, in the most
general case, a set of Lorentz scalars operators Oi of ∆(0) = n can appear. The OPE structure constants
4Namely with some quantum corrections, either in their scaling dimension or trilinear couplings.
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of the operators in the external points CLq
i and CRq
i are defined as
CL,Rq
i(g) ≡ CL,Rqi(g)
Mi(g)
, (30)
where CL,Rqi are the trilinear couplings with the operators in the external points and Mi are the two
point function normalization of the intermediate operators:
〈OL,R(x) Q20′(y) Oi(0)〉 = CL,Rqi(g)
x2n−2 (x− y)2 y2
(
(x− y)2
x2 y2
) 1
2 (∆i(g
2)−n)
, (31)
〈Oi(x)Oi(0)〉 = Mi(g)
(x2)∆(g2)
. (32)
The coefficients that appear in the OPE analysis do not depend the normalization of the intermediate
operators. We can choose Mi(g) = 1, so that all the g-dependence of the two point function (32) comes
only from the anomalous dimension. For this particular normalization the OPE structure constants
coincide with the trilinear couplings. If we want to recover the latter for different normalizations we need
to take into account equation (30).
From the expansions (27, 28, 29) and the OPE interpretation [20], putting
∆i(g
2) = n+ g2γ
(1)
i + g
4γ
(2)
i + · · · , (33)
CL,Rqi(g) = C
(0)
L,Rqi + g
2C
(1)
L,Rqi + · · · , (34)
we have ∑
i
C
(0)
LQiC
(0)
RQi = 0 , (35)
−1
2
∑
i
C
(0)
LQiC
(0)
RQiγ
(1)
i = −
2(n− 2)!
(4π2)n+3
(Y ·H1) , (36)
∑
i
(
C
(0)
LQiC
(1)
RQi + C
(1)
LQiC
(0)
RQi
)
= −4(n− 2)!
(4π2)n+3
(Y ·H1) , (37)
1
8
∑
i
C
(0)
LQiC
(0)
RQiγ
(1)
i
2
=
(n− 2)!
(4π2)n+4
(
N(Y ·H1) + 1
2
(Y ·H2) + 1
2
(n− 2)(Z · L1)
)
, (38)
−1
2
∑
i
[(
C
(0)
LQiC
(1)
RQi + C
(1)
LQiC
(0)
RQi
)
γ
(1)
i + C
(0)
LQiC
(0)
RQiγ
(2)
i
]
=
=
(n− 2)!
(4π2)n+4
(
6N(Y ·H1) + 2(Y ·H2) + 3(n− 2)(Z · L1)
)
.
(39)
We spend a few words about equation (35). The rhs is equal to zero because in eq. (27) we do not
have a 1
x2
34
x2
23
term. This is the unique equation in which will also contribute protected operators whose
trilinear couplings do not renormalize. These operators do not appear at all in the other equations. Their
contributions can be easily derived from a simple tree level calculation.
3.2 Information from the OPE
The machinery we developed allows us to write a system in which the unknowns are the anomalous
dimensions of the operators that appear in the OPE channels, and the trilinear couplings of these operators
(for a given choice of the normalization of their two point function) with the operators in the external
10
points. If we have enough four point functions, this system can be solved. The number of necessary four
point functions depends on how many operators with the same bare dimension appear in that channel.
As we know, this is determined by the fusion rules, which must obey also the constraints imposed by
group theory. The representation to which belong the operators in the intermediate channel must be in
the product of the representation of the external operators that select the OPE channel.
One can extract information also in the opposite direction: inspecting the OPE expansion of Gn there
are some operators whose presence in the OPE channel is not forbidden by group theory, but they do
not appear beyond tree level, or do not appear at all. We saw that in the s-channel there are no scalar
fields (in the interacting regime) up to bare dimension n − 2, and no rank 2 tensor fields up to bare
dimension n. When there are only 12 BPS operators in the external points, the former is a consequence of
the general non renormalization theorem for extremal three point functions. In fact one can see that in
the product of [0, 2, 0] and [0, n, 0] at bare dimension ∆(0) = n− 2 only the representation [0, n− 2, 0] is
allowed, hence in the internal channel only 12 BPS operators will appear. It is worthwhile to ask what is
the particular set of operators that appears in our OPE expansion, since we can infer useful information
also from the fields that do not appear.
Before generalizing the considerations of this kind, we have to remind that we made a precise choice of
the flavour representatives of the operators in the external points. This can project out some operators,
that can appear for different external representatives. For an illustration of this see for example [22].
General conclusions can be drawn with the help of this method only after having checked that the absence
of some field is not due to the particular flavour choice.
4 Examples
In this section we will perform the described calculation for the four point functions of the type G3 and
G4 (see eq. (5)), and see how these results can be used to extract trilinear couplings and anomalous
dimensions of the operators that appear in the OPE channels. In particular we will study also a case in
which the operators in the external points are not all 12 BPS. In the case of only
1
2 BPS operators we
calculate Gn also for n = 5, 6. These results are given in the appendix.
4.1 A case without mixing: the operator S6
A very lucky case is the one in which there is only one operator with a given bare dimension. In this
situation we need only one four point function to obtain the desired coefficients.
Here we will analyze the OPE expansion of the function G3, from which we can extract information
about the operator
SJ
6
≡
3∑
I=1
tr
(
φIφ
†
IφJ
)
. (40)
This is a scalar operator of bare dimension ∆(0) = 3, belonging to the representation 6 of the flavour
group.
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4.1.1 The four point function
Let us analyze the correlator
G3(x1, x2, x3, x4) ≡ 〈tr(φ1φ1φ3)(x1) C†11(x2) tr(φ†2φ†2φ†3)(x3) C22(x4)〉 . (41)
This is a correlation function of two operators Q20′ with two 12 BPS operators, having ∆ = 3 in the
representation [0, 3, 0] = 50 of the flavour group. We call these operators Q50. In the language of eq. (4)
we have
Q11;3
50
≡ 1
4
dabcφ
a
1φ
b
1φ
c
3 , Q†50
22;3 ≡ 1
4
dabcφ
†
2
a
φ†2
b
φ†3
c
, (42)
where dabc is the totally symmetric tensor coming from the anticommutator of two generators of the color
group SU(N), according to
{Ta, Tb} = δab 1
N
+ dabcTc . (43)
In the OPE between the operators Q50(x3) and Q20′(x4) we can find also the operator S6. In fact
from group theory we have that
20′ × 50 = 6+ 50+ 64+ 196+ 300+ 384 .
We know that the first non trivial contributions to the OPE expansions of the functions Gn come from
operator of bare dimension ∆(0) = n, so the contribution coming from S6 is the leading one in the
expansion in x34. There are no other unprotected operators of bare dimension 3 belonging to the allowed
representations. The other operator with such characteristics is Q50, that does not contribute beyond
tree level. Then G3 meets all the necessary requirements in order to calculate the anomalous dimension
and the trilinear couplings of S6.
As we saw before, to calculate the function G3 we need to construct the color tensors Yab|cd and
Zabc|def and contract them with the three independent color structures given above, see eq. (20). For the
given four point function we find
Yab|cd =
1
16
dabedcde Zabc|def =
1
16
dabcddef (44)
Yab|cdδ
abδcd = 0 Y ·H1 = (N
2 − 1)(N2 − 4)
32
(45)
Y ·H2 = N(N
2 − 1)(N2 − 4)
64
Z · L1 = −N(N
2 − 1)(N2 − 4)
64
, (46)
so
G
(0)
3 (x1, x2, x3, x4) = 0 , (47)
G
(1)
3 (x1, x2, x3, x4) =−
(N2 − 1)(N2 − 4)
16(4π2)6
r
x213x
4
12x
4
34
B (r, s) , (48)
G
(2)
3 (x1, x2, x3, x4) =
N(N2 − 1)(N2 − 4)
32(4π2)7
1
x213x
4
12x
4
34
{
r
4
B (r, s)
2
[r + s] (49)
+
[
Φ(2)
(
1
r
,
s
r
)
+
r
s
Φ(2)
(
1
s
,
r
s
)
+
1
2
rΦ(2)
(
r, s
)]}
, (50)
where r and s are defined in (22).
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4.1.2 Anomalous dimensions and trilinear couplings
After performing the expansion of the computed functions and the OPE interpretation we obtain the
one and two loop anomalous dimensions and the trilinear couplings of S6 with Q50 and Q20′ . From the
general expansions we can extract
C
(0)
Q50Q20′S6
=
1
4(4π2)4
(N2 − 1)(N2 − 4)
N
C
(1)
Q50Q20′S6
=
1
4(4π2)5
(N2 − 1)(N2 − 4) (51)
γ
(1)
S6
=
2N
4π2
γ
(2)
S6
= − 3N
2
2(4π2)2
(52)
Here the operator S6 is normalized such that:
〈S6(x1)S6(x2)〉 = 1
(4π2)3
(N2 − 1)(N2 − 4)
N
1
(x212)
∆
, (53)
where ∆ = 3+ g2γ
(1)
S6
+ g4γ
(2)
S6
+ · · · . For simplicity here we understood the insertion of the wave function
renormalization. The anomalous dimensions derived here match [23].
4.2 A case with mixing: correlators of type G4
Let us consider the functions G4. The representation [0, 4, 0] of SU(4) has dimension 105. There are two
operators belonging to this representation with dimension 4, that we call D105 and Q105, respectively
the double trace and the single trace operator:
D1133
105
≡ (δabδcd + δacδbd + δadδbc) φa1φb1φc3φd3 , (54)
Q1133
105
≡ (tr (TaTbTcTd) + symmetrization) φa1φb1φc3φd3 . (55)
So there are three four point function in this class, that we call GDD, GQQ and GDQ.
At dimension ∆ = 4 there is also another BPS operator for which this method can be applied. This
is the 14 BPS operator D84. In fact, one can easily verify that
D1133
84
≡
(
δabδcd − δacδbd − 2
N
facefbde
)
φa1φ
b
1φ
c
3φ
d
3 (56)
is a good representative of this operator. So we can use for it our method, and build the correlators
GdD, GdQ and Gdd, where D84 is represented with d. Also the protected operator D20′ satisfies the same
properties as D84, but we cannot use for it our method because the correct definition of this operator is
less trivial, and has also g - dependent corrections [21].
In this way we can calculate the relevant contributions to the six four point functions under consid-
eration. So we get the numbers written in table 2.
4.2.1 Scalar operators of ∆(0) = 4 in the representation 20′
These four point functions contain enough information to solve the system coming from the OPE expan-
sion, in which the operators that pass are the three operators Oi written in [24]. In fact, group theory
gives:
105× 20′ = 20′ + 105+ 175+ 336+ 729+ 735
84× 20′ = 20′ + 84+ 70︸︷︷︸
35+35
+ 90︸︷︷︸
45+45
+175+ 512︸︷︷︸
256+256
+729 , (57)
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Function Y · δ2 Y ·H1
GDD (N
4 − 1)(N2 + 1) N(N4 − 1)
GDQ
1
2N (N
4 − 1)(2N2 − 3) 12 (N2 − 1)(2N2 − 3)
GQQ
1
4N2 (N
2 − 1)(2N2 − 3)2 18N (N2 − 1)(N4 − 6N2 + 18)
Gdd (N
2 − 1)(N2 − 4)2 N(N2 − 1)(N2 − 4)
GdD (N
4 − 1)(N2 − 4) N(N2 − 1)(N2 − 4)
GdQ
1
2N (N
2 − 1)(N2 − 4)(2N2 − 3) 34 (N2 − 1)(N2 − 4)
Function Y ·H2 Z · L1
GDD N
2(N2 − 1)(N2 + 6) 52N2(N2 − 1)
GDQ
5
4N
3(N2 − 1) 18N(N2 − 1)(N2 + 6)
GQQ
1
16N
2(N2 − 1)(N2 + 6) − 132 (N2 − 1)(N4 − 18N2 + 36)
Gdd
1
2 (N
2 − 1)(N2 − 4)(2N2 − 3) −3(N2 − 1)(N2 − 4)
GdD N
2(N2 − 1)(N2 − 4) 0
GdQ
3
4N(N
2 − 1)(N2 − 4) 0
Table 2: Color contractions for functions of type G4
We shall analyze only the leading term in the OPE expansion parameter, that can be interpreted as
contributions coming from Lorentz scalars with bare dimension ∆(0) = 4. In the representations written
above, with these quantum numbers there are the two 12 BPS operator in the 105 (that do not appear
beyond tree level), and six operators belonging to the 20′ representation, two of them, K±
20′
, belonging
to the Konishi supermultiplet, while the other four are superprimaries. These are the protected operator
D20′ , and the three superprimary operators Oi. We have also two operators in the 84 with ∆(0) = 4,
namely D84 and K84, another superdescendant of the Konishi operator. These operators in principle can
appear only in the function Gdd, but it is easy to check that K84 does not contribute while D84 gives
only tree level contributions.
So, at quantum level we have to deal with the six operators in the 20′ representation. Actually only
the three Oi pass in the expansions of these functions. In fact, as we told before, the D20′ operator is
protected and its trilinear couplings with the external operators do not renormalize at order g2. The two
Konishi superdescendants do not appear in this channel, either at tree level or at leading logarithms, due
to the fact that they are bilinear in fermions at leading order. One can verify that this is true also for
the order g trilinear coupling5.
From these four point functions we can solve the OPE equations (35-39) for the three operators Oi.
The results of this analysis are reported in [20].
5 Comments and Outlook
We developed a technique which allows to calculate (at order g4) the set of four point functions of
protected operators defined by equation (1) by simply performing some color contractions. Particular
5Being bilinear in fermions these operators have odd g expansion in the trilinear coupling with the operators in the
external points.
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flavour representatives of the operators are considered. From these correlators, via an OPE analisys, one
can extract the anomalous dimensions and the trilinear couplings of the operators that appear in the
intermediate channel. Our considerations can be extended to a more general class of protected operators,
in particular to those belonging to general BPS multiplets.
We presented two explicit examples in which this method was used to extract information about the
operators in the intermediate channel. We calculated the anomalous dimensions of the Lorentz scalar
of bare dimension ∆(0) = 3 in the representation [0, 1, 0] = 6, and of the three operators Oi in the
representation [0, 2, 0] = 20′ of bare dimension ∆(0) = 4, together with their trilinear couplings with the
external operators. Moreover, for 12 BPS operators the four point functions (1) are calculated also for
n = 5 and n = 6.
One may ask how restrictive is our particular flavour projection. It would be interesting to study this
especially in the case of only 12 BPS operators. In other terms one has to find how many independent
space time structures at order g4 has this class of correlation functions. A preliminary analysis suggests
that there are at least two independent structures. Hence in order to take them into account we have to
consider at least two suitable choices of the flavour representatives.
Acknowledgements
We thank Ya. S. Stanev for enlightening discussions and comments on the manuscript. This work was
supported in part by INFN, by the MIUR-COFIN contract 2003-023852, by the EU contracts MRTN-CT-
2004-503369 and MRTN-CT-2004-512194, by the INTAS contract 03-51-6346, and by the NATO grant
PST.CLG.978785.
15
Appendix
Notation and conventions
The field content of N=4 SYM [25] comprises a vector, Aµ, four Weyl spinors, ψA (A=1,2,3,4), and six
real scalars, ϕi (i=1,2,. . . ,6), all in the adjoint representation of the gauge group SU(N). In the N=1
formalism the fundamental fields can be arranged into a vector superfield, V , and three chiral superfields,
ΦI (I=1,2,3). The six real scalars, ϕi, are combined into three complex fields, namely
φI =
1√
2
(
ϕI + iϕI+3
)
, φ†I =
1√
2
(
ϕI − iϕI+3) , (58)
that are the lowest components of the superfields ΦI and Φ†I , respectively. Three of the Weyl fermions,
ψI , are the spinors of the chiral multiplets. The fourth spinor, λ = ψ4, together with the vector, Aµ, form
the vector multiplet. In this formulation only a SU(3)×U(1) subgroup of the original SU(4) R-symmetry
group is manifest. ΦI and Φ†I transform in the representations 3 and 3 of the global SU(3) “flavour”
symmetry, while V is a singlet. We can choose the normalization of the axial U(1) R-symmetry such
that the three complex scalars φI have charge +1, the vector Aµ is neutral, the gaugino λ has charge
+3/2 and the spinors of the chiral multiplets ψI have charge −1/2. The I flavour index can be raised
and lowered with δIJ , so we make no difference between φ
I and φI .
The generators of the gauge group are taken in the fundamental representation with Dynkin index
d(N) = 12 . To perform the contractions we use also the fusion and the fission rules
tr (TaA) tr (TaB) =
1
2
(
tr (AB)− 1
N
tr (A) tr (B)
)
, (59)
tr (TaA TaB) =
1
2
(
tr (A) tr (B)− 1
N
tr (AB)
)
. (60)
We shall use Fermi-Feynman gauge as it makes the correction to the propagators of the fundamental
superfields vanish at order g2 [2]. Actually a stronger result holds, namely the anomalous dimension of
the fundamental fields vanish also at g4. The terms in the action relevant for the calculation of the Green
function we are interested in are
S0 =
∫
dx
∫
d4θ
(
Φa†I Φ
I
a − V a✷Va
)
(61)
Scc =
∫
dx
∫
d4θ g
−i√2
3!
(
εIJKf
abcΦIaΦ
J
bΦ
K
c δ
2(θ)− εIJKfabcΦa†I Φb†J Φc†Kδ2(θ)
)
(62)
Scv =
∫
dx
∫
d4θ
(
2igflmnΦ
l†
I V
mΦIn − 2g2flmnfnqrΦl†I VmV qΦIr
)
(63)
Svv =
∫
dx
∫
d4θ
(
ig
4
fabc
[
D
2
DαV a
]
V b (DαV
c)
)
(64)
where fabc are the structure constant of the gauge group SU(N). Due to the fact that all superfields are
massless their free propagators have an equally simple form both in momentum and in coordinate space
and we choose to work in the latter which is more suitable for the study of conformal field theories. The
propagators of the chiral and the vector field are
〈ΦIa(xi, θi, θi)Φb†J (xj , θj , θj)〉 =
δbaδ
I
J
4π2
e(ξ
µ
ii
+ξµ
jj
−2ξµ
ij
)∂iµ
1
x2ij
, (65)
〈V a(xi, θi, θi)Vb(xj , θj , θj)〉 = − δ
a
b
8π2
δ4(θij)
x2ij
, (66)
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where
xij = xi − xj , θij = θi − θj , ξµij = θαi σ µαα˙θ
α˙
j , ∂
i
µ =
∂
∂xµi
.
Computation of the relevant integrals
The whole result, in the limit x1 →∞ (see (26)) can be expressed in terms of two functions
g(i, j, k) =
∫
dx5
x2i5x
2
j5x
2
k5
=
π2
x2jk
B
(
x2ij
x2jk
,
x2ik
x2jk
)
, (67)
f(i; j, k) =
∫
dx5dx6
x2i5x
2
j5x
2
i6x
2
k6x
2
56
=
π4
x2jk
Φ(2)
(
x2ij
x2jk
,
x2ik
x2jk
)
, (68)
where the two functions B and Φ(2) can be written as [26, 6, 4]
B(r, s) =
1√
p
{
log(r) log(s)−
[
log
(
r + s− 1−√p
2
)]2
−2Li2
(
2
1 + r − s+√p
)
− 2Li2
(
2
1− r + s+√p
)}
,
(69)
Φ(2)(r, s) =
1√
p
{
6 (Li4(−ρr) + Li4(−ρs) ) + 3 log(s
r
) (Li3(−ρr)− Li3(−ρs)) +
+
1
2
log2
(s
r
)
(Li2(−ρr) + Li2(−ρs)) + 1
4
log2(ρr) log2(ρs)+
+
π2
2
log(ρr) log(ρs) +
π2
12
log2
(s
r
)
+
7π4
60
}
,
(70)
with
p = 1 + r2 + s2 − 2r − 2s− 2rs , ρ = 2
1− r − s+√p , LiN (z)
|z|<1≡
∞∑
k=1
zk
kN
. (71)
Both B(r, s) and Φ(2)(r, s) are symmetric in r and s. Moreover they have singularities in (r = 0, s = 1),
(r = 1, s = 0) and (r = ∞, s = ∞). We will write now the expansion of these functions near these
singularities,
B
(
ǫ2
x2
,
(
1 +
ǫ
x
)2)
= 2− log
(
ǫ2
x2
)
− ǫ · x
x2
(
1− log
(
ǫ2
x2
))
− ǫ
2
x2
(
2
9
− 1
3
log
(
ǫ2
x2
))
+
(ǫ · x)2
x4
(
8
9
− 4
3
log
(
ǫ2
x2
))
+
ǫ2 ǫ · x
x4
(
1
2
− log
(
ǫ2
x2
))
(72)
− ǫ
2(ǫ · x)2
x6
(
24
25
− 12
5
log
(
ǫ2
x2
))
+ · · · .
We do not need the expansion of B(r, s) near the point (r =∞, s =∞) because of the relation
B(r, s) =
1
r
B
(
1
r
,
s
r
)
=
1
s
B
(
1
s
,
r
s
)
. (73)
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For the function Φ(2)(r, s) we have
Φ(2)
(
ǫ2
x2
,
(
1 +
ǫ
x
)2)
= 6− 3 log
(
ǫ2
x2
)
+
1
2
log2
(
ǫ2
x2
)
− 1
4
ǫ · x
x2
(
21− 13 log
(
ǫ2
x2
)
+ 3 log2
(
ǫ2
x2
))
− 1
36
ǫ2
x2
(
251
3
− 49 log
(
ǫ2
x2
)
+ 11 log2
(
ǫ2
x2
))
(74)
+
1
9
(ǫ · x)2
x4
(
367
6
− 40 log
(
ǫ2
x2
)
+ 11 log2
(
ǫ2
x2
))
+ · · ·
Φ(2)
(
1(
1 + x
ǫ
)2 , 1(
1 + ǫ
x
)2
)
= 6− 3 log
(
ǫ2
x2
)
+
1
2
log2
(
ǫ2
x2
)
+
1
4
ǫ · x
x2
(
45− 21 log
(
ǫ2
x2
)
+ 3 log2
(
ǫ2
x2
))
+
1
9
ǫ2
x2
(
160
3
− 26 log
(
ǫ2
x2
)
+ 4 log2
(
ǫ2
x2
))
(75)
− 1
18
(ǫ · x)2
x4
(
65
3
− 19 log
(
ǫ2
x2
)
+ 5log2
(
ǫ2
x2
))
.
Feynman Diagrams
Here we list the Feynman diagrams used in our calculation [7]. The results indicated are all in the limit
x1 → ∞, after multiplication by a factor of x41 for all the diagrams except A5 and B22 – B27, that are
multiplicated by x61. We indicate here also equalities between the diagrams that are valid only in this
limit. The complete x1 dependence of a correlation function (with well defined conformal properties)
can be recovered after the substitutions x223 → x223x214, x224 → x224x213, x234 → x234x212. These results are
grouped depending of the number of vector lines in it. Diagrams of type A are without vector lines, the
type B contain one vector line and the type C two.
A1 =
1
(4π2)8
1
x234
f(4; 2, 3) , A2 =
1
(4π2)8
1
x234
f(2; 3, 4) , A4 =
1
(4π2)8
[g(2, 3, 4)]
2
,
B4 = −1
2
1
(4π2)8
1
x234
f(3; 2, 4) , A5 =
1
(4π2)9
1
x234
f(3; 2, 4) , (76)
B1 = B9 = B24 = B27 = 0 , B8 = B4 , A3 = A2 , B7 = B12 = B14 = B16 = −1
2
A1 ,
B21 = B4 − 1
4
(1 +
s
r
− 1
r
)A4 , C6 = −1
4
s
r
A4 , C7 = −1
4
A1 , B10 = B11 = −1
2
A2 . (77)
Here there are other relations, valid in the limit described above, that make some diagrams sums to zero:
B5 = B20 = B2 , B6 = B13 = B17 = B19 = B3 , B18 = B15 , B23 = B25 , (78)
C1 = C3 , C5 = −C9 = C4 , C8 = −C2 , B27 = B26 . (79)
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x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4
x1
x2 x3
x4
A1 A2 A3 A4
x1
x2 x3
x4
A5
Table 3: Diagrams without vector lines.
x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4
C1 C2 C3 C4
x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4
C5 C6 C7 C8
x1
x2 x3
x4
C9
Table 4: Diagrams with two vector lines.
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x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4
B1 B2 B3 B4x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4
B5 B6 B7 B8x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4
B9 B10 B11 B12x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4
B13 B14 B15 B16x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4
B17 B18 B19 B20x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4
B21 B22 B23 B24x1
x2 x3
x4 x1
x2 x3
x4 x1
x2 x3
x4
B25 B26 B27
Table 5: Diagrams with one vector line
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Four point functions of higher dimensional operators
Here we indicate the correlators Gn, n = 5, 6 with only
1
2 BPS operators in the external points. Their
complete form can be reconstructed from equations (6, 20-24). The SU(4) representations under con-
sideration are [0, 5, 0] = 196 and [0, 6, 0] = 336. These operators are normalized so that their two point
function is
〈O∆=n[0,n,0](x)O∆=n[0,n,0](0)〉 =
1
(4π2)n
MO
x2n
. (80)
We indicate schematically (following the notation of eq. (4), with complete symmetrization of the color
indices) the definition of the operators, and the normalization of their two point functions:
• n = 5
Q196 ≡ tr
(
φ5
)
MQ196 =
(N2 − 1)(N2 − 4)(N4 + 24)
8N3
,
D196 ≡ tr
(
φ3
)
tr
(
φ2
)
MD196 =
15(N2 − 1)(N2 − 4)(N2 + 5)
N
; (81)
Function Y · δ2 Y ·H1
GD196D196
(N2−1)(N2−4)(N2+5)2
4N
5(N2−1)(N2−4)(N2+5)
8
GD196Q196
(N2−1)(N2−4)(N2−2)(N2+5)
8N2
5(N2−1)(N2−4)(N2−2)
16N
GQ196Q196
(N2−1)(N2−4)(N2−2)2
24N3
(N2−1)(N2−4)(N4+24)
192N2
Function Y ·H2 Z · L1
GD196D196
7N(N2−1)(N2−4)(N2+17)
16 −N(N
2−1)(N2−4)(N2−23)
16
GD196Q196
(N2−1)(N2−4)(9N2+10)
32 − (N
2−1)(N2−4)(N2−30)
96
GQ196Q196
(N2−1)(N2−4)(N4+24N2−24)
384N − (N
2−1)(N2−4)(N4−24N2+72)
1152N
Table 6: Color contractions for functions of type G5
• n = 6
O6 ≡ tr (φ6) MO6 = 45(N2 − 1)(N8 + 6N6 − 60N4 + 600)
8N4
,
O33 ≡ tr (φ3)2 MO33 = 135(N2 − 1)(N2 − 4)2(N2 + 8)
8N2
,
O42 ≡ tr (φ4) tr (φ2) MO42 = 30(N2 − 1)(N6 + 17N4 − 72N2 + 162)
N2
, (82)
O222 ≡ tr (φ2)3 MO222 = 2880(N4 − 1)(N2 + 3) ;
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Function Y · δ2 Y ·H1
GO6O6
3(N2−1)(4N8−26N6+155N4−450N2+450)
32N4
3(N2−1)(N8+6N6−60N4+600)
128N3
GO6O33
9(N2−1)(N2−4)(2N4−15N2+30)
32N3
9(N2−1)(N2−4)(3N4−20N2+40)
128N2
GO6O42
(N2−1)(2N8+41N6−211N4+630N2−810)
16N3
3(N2−1)(2N6−13N4+60N2−90)
16N2
GO6O222
15(N2−1)(N2+3)(N4−3N2+3)
2N2
15(N2−1)(N4−3N2+3)
2N
GO33O33
27(N2−1)(N2−4)(N2−8)
32N2
9(N2−1)(N2−4)2(N2+8)
128N
GO33O42
3(N2−1)(N2−4)(N4+9N2−54)
16N2
9(N2−1)(N2−4)(N2−6)
16N
GO33O222
27(N2−1)(N2−4)(N2+3)
6N
9(N2−1)(N2−4)
2
GO42O42
(N2−1)(N8+72N6+47N4−666N2+1458)
24N2
(N2−1)(N6+17N4−72N2+162)
8N
GO42O222
3(N2−1)(N2+3)2(2N2−3)
N
3(N2−1)(N2+3)(2N2−3)
GO222O222 12(N4−1)(N2+3)2 12N(N4−1)(N2+3)
Function Y ·H2 Z · L1
GO6O6
3(N2−1)(N8+47N6−324N4+1200N2−1200)
256N2 − 3(N
2−1)(N8−35N6+204N4−1200N2+2400)
1024N2
GO6O33
9(N2−1)(N2−4)(N4−20)
64N − 9(N
2−1)(N2−4)(N4−20N2+80)
512N
GO6O42
5(N2−1)(N6+5N4−18N2−54)
16N − (N
2−1)(N6−64N4+270N2−540)
64N
GO6O222
3(N2−1)(7N4+2N2−15)
2 − 3(N
2−1)(N2+10)(2N2−3)
8
GO33O33
9(N2−1)(N2−4)(N4+19N2−80)
256 − 9(N
2−1)(N2−4)(N4−11N2+16)
1024
GO33O42
3(N2−1)(N2−4)(2N2−9)
8
3N2(N2−1)(N2−4)
64
GO33O222 9N(N2−1)(N2−4)
9N(N2−1)(N2−4)
8
GO42O42
(N2−1)(N6+53N4−39N2+189)
12 − (N
2−1)(N2+3)(N4−58N2+36)
96
GO42O222 N(N2−1)(7N4+62N2−45)
N(N2−1)(N4+53N2−18)
4
GO222O222 12N2(N2−1)(N2+3)(N2+11) 30N2(N2−1)(N2+3)
Table 7: Color contractions for functions of type G6
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